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ABSTRACT
We study the scale dependent bias of the halo power spectrum arising from pri-
mordial non-Gaussianity. We present an analytic result of the halo bias including
up to the trispectrum contributions. We find the scale dependent bias opens a new
possibility of probing the relation between the non-linearity parameters fNL and τNL.
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1 INTRODUCTION
Inflation (Guth 1981; Sato 1981; Linde 1982;
Albrecht & Steinhardt 1982) is currently regarded as
the leading candidate of solving the cosmological problems
of the hot big bang universe and of laying down the
otherwise finely tuned initial conditions. Furthermore,
quantum fluctuations of the inflaton fields are stretched
to cosmological scales during inflation and become the
seed of subsequent structure formation after inflation. An
important prediction of the standard single field slow-roll
inflation scenario is that the initial perturbations are
Gaussian random fields. On the other hand, there are a
lot of theoretical models of generating the primordial fluc-
tuations during inflation which deviate from the Gaussian
statistics. For recent reviews, see e.g. Sasaki & Wands
(2010). Although the precise measurements of the cosmic
microwave background (CMB) anisotropies over the last
decade (Komatsu et al. 2011) strongly suggest that the
initial perturbations generated during inflation follow nearly
perfect Gaussianity, there still remains the possibility that
we will detect small deviation by non-zero higher order
correlation functions. Thus, detection or null-detection
of non-Gaussianity of primordial perturbations in future
experiments will play a crucial role in discriminating
inflationary models (Komatsu et al. 2009).
Besides the CMB, ongoing and planned survey of
large scale structure (LSS) will provide another powerful
probe of constraining non-Gaussianity as competitive as the
CMB (Komatsu et al. 2009; Verde 2010). In particular, it
is known that the local type non-Gaussianity fNLφ
2, with
φ being the dominant Gaussian component of the Bardeen
potential Φ, induces a scale dependent bias (Dalal et al.
2008; Matarrese & Verde 2008). This is an interesting way
of probing primordial non-Gaussianity, since future surveys
will provide a large enough sample of galaxies over a huge
volume.
With the promised precise data from LSS surveys, we
are encouraged to go beyond the leading non-Gaussianity.
fNLφ
2 gives the leading order 3-point correlation func-
tion, or the bispectrum. To describe the 4-point cor-
relation function, or the trispectrum, unlike the bis-
pectrum we need to specify two parameters, gNL and
τNL (Boubekeur & Lyth 2006; Byrnes, Sasaki, & Wands
2006). While gNL is the local cubic expansion parame-
ter of Φ, τNL may or may not be related to fNL: if pri-
mordial non-Gaussianity is sourced by a single origin, it
can be solely written in terms of fNL (Boubekeur & Lyth
2006). But in general there is no universal relation between
fNL and τNL (Suyama & Yamaguchi 2008; Suyama et al.
2010; Sugiyama, Komatsu, & Futamase 2011). Thus, it
is very interesting and potentially important obser-
vationally to study the consequences of generic τNL
which is independent of fNL, such as the halo mass
function (Yokoyama et al. 2011). Recently two interest-
ing articles appear with similar viewpoints to ours.
In Desjacques, Jeong, & Schmidt (2011), general expres-
sions of bias with corrections from higher order correla-
tion functions were given. Smith, Ferraro, & LoVerde (2011)
considered the halo bias arising from gNL. But τNL and its
relation to fNL were not examined in both articles.
In this short article, we study analytically the halo bias
in the presence of primordial local type non-Gaussianity
with non-vanishing trispectrum characterized by two pa-
rameters gNL and τNL. Very interestingly, we find that the
scale dependent bias arising from trispectrum enables us to
test the relation between gNL and τNL. This article is out-
lined as follows. In Section 2, we recall the primordial non-
Gaussianity up to trispectrum. In Section 3 we present the
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power spectrum of haloes, and then derive an analytic result
of halo bias in Section 4. In Section 5, we conclude.
2 PRIMORDIAL NON-GAUSSIANITY
In the presence of the local type non-Gaussianity, we may
expand the Bardeen potential Φ up to the third order as a
local function,
Φ(x) = φ(x) + fNL
[
φ2(x)−
〈
φ2
〉]
+ gNLφ
3(x) . (1)
Then, with the linear power spectrum of Φ defined by
〈φ(k1)φ(k2)〉 = (2pi)
3δ(k1 + k2)Pφ(k1) , (2)
at leading order we can find the bispectrum and trispectrum
of Φ straightforwardly as
BΦ(k1, k2, k3) = 2fNL [Pφ(k1)Pφ(k2) + (2 cyclic)] , (3)
TΦ(k1, k2, k3, k4) = 6gNL [Pφ(k1)Pφ(k2)Pφ(k3) + (3 cyclic)]
+ 2f2NL
{
Pφ(k1)Pφ(k2)
[
Pφ(k13) + Pφ(k14)
]
+ (11 cyclic)
}
,
(4)
with kij ≡ ki + kj . While the cubic order term in (1) does
not appear in the leading order bispectrum, it does gener-
ate the primordial trispectrum. Here, we can generalize the
second term of the trispectrum by replacing f2NL with a new
parameter τNL, which may or may not be related to fNL, as
TΦ(k1, k2, k3, k4) = 6gNL [Pφ(k1)Pφ(k2)Pφ(k3) + (3 cyclic)]
+
25
18
τNL
{
Pφ(k1)Pφ(k2)
[
Pφ(k13) + Pφ(k14)
]
+ (11 cyclic)
}
.
(5)
Note that the coefficient of τNL reflects the definition of τNL
introduced in Boubekeur & Lyth (2006). This generalization
of the non-linearity parameter τNL gives rise to the local type
inequality given by (Suyama & Yamaguchi 2008)
τNL >
(
6
5
fNL
)2
. (6)
3 POWER SPECTRUM OF HALOES
In this section, we derive analytically the power spec-
trum of haloes arising from the local type non-
Gaussianity (1). We will use the functional integration
approach (Politzer & Wise 1984; Grinstein & Wise 1986;
Matarrese, Lucchin, & Bonometto 1986) for the correlation
functions of peaks of the density field.
We can relate the linear density field δR(k) smoothed
over radius R to Φ(k) via the Poisson equation,
δR(k) =
2
3
k2T (k)
H20Ωm0
WR(k)Φ(k) ≡MR(k)Φ(k) , (7)
where T (k) is the matter transfer function, H0 is the present
Hubble parameter, Ωm0 is the present matter density pa-
rameter and WR(k) is the Fourier transform of the window
function. Then, we can write the bispectrum and the trispec-
trum of δR(k) as
BR(k1, k2, k3) = 2fNL
3∏
i=1
MR(ki) [Pφ(k1)Pφ(k2) + (2 cyclic)] ,
(8)
TR(k1, k2, k3, k4) =
6gNL
4∏
i=1
MR(ki) [Pφ(k1)Pφ(k2)Pφ(k3) + (3 cyclic)]
+
25
18
τNL
4∏
i=1
MR(ki) {Pφ(k1)Pφ(k2) [Pφ(k13) + Pφ(k14)]
+(11 cyclic)} . (9)
Employing the functional integration approach for
distributions of the haloes above a high threshold, the
two-point correlation function of haloes with generic non-
Gaussian density field can be written as (Grinstein & Wise
1986; Matarrese, Lucchin, & Bonometto 1986;
Matarrese & Verde 2008)
ξh(x1, x2) = exp
[
∞∑
n=2
n−1∑
m=1
νnw
(n)
m
m!(n−m)!
]
− 1 . (10)
Here, ν ≡ δc/σR with δc being the critical density and σR
being the variance of the density field δR, and the coefficient
w
(n)
m is given by
w(n)m =


ξ
(2)
R (r)
σ2R
(n = 2 ,m = 1)
0 (n = 2 , m = 0 , 2)
ξ
(n)
R,m
σnR
(n > 2)
, (11)
where r ≡ x1 − x2, ξ
(n)
R is the connected n-point correlation
function of δR and
ξ
(n)
R,m ≡ ξ
(n)
R (x1, x1, · · · x1︸ ︷︷ ︸
total m
, x2, x2, · · · x2︸ ︷︷ ︸
total n−m
) . (12)
Since ξ
(n)
R ≪ 1 on large scales, we may expand (10) keeping
up to 4-point correlation function, n = 4. Then, we have
ξh(x1, x2) ≈
(
ν
σR
)2
ξ
(2)
R (r) +
(
ν
σR
)3
ξ
(3)
R (x1, x1, x2)
+
(
ν
σR
)4{
1
2
[
ξ
(2)
R (r)
]2
+
1
3
ξ
(4)
R (x1, x1, x1, x2)
+
1
4
ξ
(4)
R (x1, x1, x2, x2)
}
. (13)
We can find straightforwardly the Fourier transform of
ξh(x1, x2) and write the power spectrum of haloes as
Ph(k) =b
2
LPR(k) + b
3
L
∫
d3q
(2pi)3
BR(q,−k, k− q)
+
b4L
2
∫
d3q
(2pi)3
PR(q)PR(|k− q|)
+
b4L
3
∫
d3q1d
3q2
(2pi)3
TR(q1, q2,−k, k− q1 − q2)
+
b4L
4
∫
d3q1d
3q2
(2pi)3
TR(q1, q2, k− q1,−k− q2) ,
(14)
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where we have defined the linear Lagrangian bias as
bL ≡
ν
σR
=
δc
σ2R
. (15)
Before we proceed, let us make some comments on
the third term of (14). It is very well known (McDonald
2006) that this term gives problems on both large and small
scales. On small scales the initial power spectrum is mod-
ified (Crocce & Scoccimarro 2006a,b; McDonald 2007) and
the integral diverges, which would not happen for the origi-
nal PR(k) [see e.g. Jeong et al. (2011)]. For this divergence
in principle we should employ the full non-linear treatment
of the power spectrum on small scales to which the result is
very sensitive. The proper study of fully non-linear regime
on small scales is beyond the scope of the present article and
we will not discuss it any further. On large scales, we can
cope with the constancy of this term by “renormalization”,
i.e. absorbing it into the shot-noise term and subtract this
contribution by replacing PR(|k−q|) with PR(|k−q|)−PR(q).
Then we recover the linear theory as k → 0. This is usually
the case when e.g. one studies the non-linear bias for Gaus-
sian density field (Jeong & Komatsu 2009). In the following,
for simplicity, we neglect this contribution to the bias. As
we will see shortly, we can find an interesting contribution
of fNL and τNL to bias on large scales where the term we
are going to neglect does not play a significant role after
renormalization.
4 SCALE DEPENDENT BIAS
With the halo power spectrum (14), we can find the contri-
butions from primordial non-Gaussianity by using (8) and
(9). In a more convenient form to read the bias, with the
redshift factor explicit, we can find
Ph(k) =b
2
L(z)PR(k, z)
[
1 + 4fNL
δcFR(k)
D(z)MR(k)
+6gNL
δ2cGR(k)
D2(z)M2R(k)
+
25
9
τNL
δ2cTR(k)
D2(z)M2R(k)
]
,
(16)
where D(z) is the linear growth function and bL(z) is the
linear Lagrangian bias dependent on the redshift, which is
given by
bL(z) =
δc
D2(z)σ2R
. (17)
Here, the form factors are given by
FR(k) =
1
σ2R
∫
d3q
(2pi)3
MR(q)MR(|k− q|)
× Pφ(q)
[
1 +
Pφ(|k− q|)
2Pφ(k)
]
, (18)
GR(k) =
1
σ4R
∫
d3q1d
3q2
(2pi)3·2
MR(q1)MR(q2)Pφ(q1)Pφ(q2)
×
{
MR(k)MR(|k− q12|)
[
1 +
Pφ(|k− q12|)
3Pφ(k)
]
+MR(|k− q1|)MR(|k+ q2|)
Pφ(|k− q1|)
4Pφ(k)
×
[
1 +
Pφ(|k+ q2|)
Pφ(q2)
+
2Pφ(|k+ q2|)
Pφ(|k− q1|)
]}
,
(19)
TR(k) =
1
2σ4R
∫
d3q1d
3q2
(2pi)3·2
MR(q1)MR(q2)Pφ(q1)Pφ(q2)
×
{
4MR(k)MR(|k− q12|)
Pφ(|k− q1|)
Pφ(k)
×
[
1 +
Pφ(k)Pφ(|k− q12|)
Pφ(q1)Pφ(q2)
]
+MR(|k− q1|)MR(|k+ q2|)
×
[
1 +
Pφ(|k+ q2|)
Pφ(q2)
+
Pφ(|k− q1 + q2|)
Pφ(k)
+
Pφ(q12)Pφ(|k− q1|)
Pφ(k)Pφ(q2)
+
Pφ(q12)Pφ(|k+ q2|)
Pφ(k)
Pφ(q1) + Pφ(q2)
Pφ(q1)Pφ(q2)
]}
.
(20)
Now, let us relate the Lagrangian bias b2L =
Ph(k, z)/PR(k, z) to the Eulerian bias bE as bE ≡ 1 + bL.
This is based on the standard assumptions that haloes
and the underlying dark matter move in the same way.
Then, with the Taylor expansion of (16), we can find, with
b0 ≡ 1 + bL,
bE =b0 +∆b , (21)
∆b ≈2fNL
(b0 − 1)FR(k)δc
D(z)MR(k)
+ 3gNL
(b0 − 1)GR(k)δ
2
c
D2(z)M2R(k)
+
[
25
18
τNLTR(k)− 2f
2
NLF
2
R(k)
]
(b0 − 1)δ
2
c
D2(z)M2R(k)
. (22)
Let us focus on the last term in the right hand side of
the above equation which depends on the non-linearity pa-
rameters fNL and τNL. The form factor FR(k) given by (18)
is well known to approach 1 on large scales. Another form
factor TR(k) we have presented in (20) becomes close to 1
on large scales, k . 0.01hMpc−1. TR(k) is plotted in Fig-
ure 1 as a function of k, in comparison with FR(k). Hence,
this term is approximately proportional to τNL − (6fNL/5)
2
on large scales. Thus, depending on whether the relation
τNL = (6fNL/5)
2 holds or not, we may have additional con-
tribution to the scale dependent bias. This suggests a new
possibility of probing the relation between the non-linearity
parameters fNL and τNL, and in turn of constraining the
generating mechanism of primordial non-Gaussianity. From
(6), we can see that if primordial non-Gaussianity is origi-
nated from multiple sources, the bias on large scales is en-
c© 2011 RAS, MNRAS 000, 1–5
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Figure 1. Form factors, FR(k) and TR(k), are plotted with
changing the smoothing scale: M = 1014h−1M⊙ and 2 ×
1012h−1M⊙. We have used the top-hat window function.
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Figure 2. Scale dependent bias for τNL = 10(6fNL/5)
2 (solid
line) and τNL = (6fNL/5)
2 (dashed line) at z = 1.0 for fNL = 10
and M = 2× 1013h−1M⊙.
hanced compared with the single source case. In Figure 2,
with fNL = 10 and M = 2 × 10
13h−1M⊙, we show the
scale dependent bias for τNL = 10(6fNL/5)
2 (solid line)
and τNL = (6fNL/5)
2 (dashed line) at z = 1.0. Here, M
denotes the mass given by M = 4piρ¯R3/3 with the back-
ground matter density ρ¯ and the smoothing scale R. From
this figure, we can find that for τNL = 10(6fNL/5)
2 the ef-
fect of the non-zero τNL on the scale dependent bias be-
comes marked on k 6 0.01h/Mpc: at k = 0.005h/Mpc,
∆b/b0 is about 50% larger than that for τNL = (6fNL/5)
2.
In Figure 3, with fNL = 10 and M = 2 × 10
13h−1M⊙,
we show the ratio between ∆b in the multiple source case
and that in the single source case, ∆bmulti/∆bsingle. The
solid line is for τNL = 20(6fNL/5)
2 and the dashed line for
τNL = 10(6fNL/5)
2.
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Figure 3. The ratio between ∆b in the multiple source case and
that in the single source case at z = 1.0 for fNL = 10 and M =
2× 1013h−1M⊙. The solid line is for τNL = 20(6fNL/5)
2 and the
dashed line for τNL = 10(6fNL/5)
2.
5 CONCLUSIONS
In this article, we have studied the effects of generic non-
zero trispectrum of the primordial curvature perturbation
on LSS, in particular, the bias of the haloes. By making use
of the functional integration approach for the correlation
functions of the density peaks with a high threshold at large
separations, we have developed an analytic expression of the
halo bias which includes scale dependence due to the local
type primordial non-Gaussianity. In the presence of generic
trispectrum which is parametrized by gNL and τNL, we have
found new scale dependent terms contributing to the bias
which are unknown before. Especially, we have found that
τNL appears in a combination with fNL as τ
2
NL−(6fNL/5)
2 on
large enough scales k . 0.01h/Mpc. As shown in Figure 2,
on such scales depending on the relation between fNL and
τNL we have found distinguishable behaviour of bias. This
suggests that the halo bias on large scales provides a very
interesting and new possibility of probing the relation be-
tween fNL and τNL. This relation depends on the generating
mechanism of primordial non-Gaussianity, thus constraining
this relation by halo bias would provide a powerful tool for
studying the origin of non-Gaussianity and models of infla-
tion. Future surveys will provide a large sample galaxies,
and our finding will be useful for constraining primordial
non-Gaussianity.
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